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The Very Low Shear Modulus of Multi-Walled Carbon Nanotubes
Determined Simultaneously with the Axial Young’s Modulus
via in situ Experiments**

By Xian-Long Wei, Yang Liu, Qing Chen,* Ming-Sheng Wang, and Lian-Mao Peng
The natural frequencies (f ) as a function of the length (L) of single multi-walled carbon nanotubes (CNTs) are measured using

the electric-field-induced resonance method together with the ‘‘nanoknife’’ technique for cutting nanotubes to the desired length.

The experimental f-L data for short CNTs are found to be adequately described by the Timoshenko beam model, but not by the

widely-used Euler-Bernouilli beam model. The failure of the Euler-Bernouilli beam model is due to its neglect of the significant

effect of shear deformation caused by the extremely-anisotropic mechanical properties of CNTs. The axial Young’s modulus and

radial shear modulus of CNTs are obtained simultaneously through fitting the experimental f-L data with the Timoshenko beam

model.
1. Introduction

Due to their outstanding mechanical properties, carbon

nanotubes (CNTs) have been found to be promising in such

applications as nanocomposites, probe-microscopy tips, nanor-

esonators, etc. Having a quasi-one-dimensional nanostructure,

CNTs also provide an ideal system for the study of vibration

theory and wave propagations in low-dimensional systems. The

axial Young’s modulus of CNTs has been measured through

thermal vibration,[1] electric-field-induced resonance,[2] tensi-

le-loading experiments inside a scanning electron microscope

(SEM)[3] and atomic force microscopy (AFM) experiments.[4]

A novel method has recently been developed to precisely

measure the Young’s modulus of single-walled CNTs

(SWCNTs) by studying the diameter dependence of the

buckling wavelengths of the SWCNTs on elastomeric sub-

strates.[5] Of all the available methods, the electric-

field-induced resonance method is widely used to study the

mechanical properties of nanomaterials, including nano-

tubes,[2,6–9] nanowires[10] and nanobelts.[11] In carrying out

resonance experiments, carbon nanotubes or other nanowires

are fixed at one end or at both ends. Resonance vibration is

induced by an external electric field. The natural frequencies,

length and diameters of the CNTs or nanowires are measured

and the Young’s modulus is deduced using continuum theory.
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All of the papers published so far use the Euler-Bernoulli beam

model[12] to deduce the Young’s modulus of the CNT from the

natural frequency. Although widely used, the Euler-Bernoulli

beam model of flexural motions of elastic beams is ‘‘the

simple-beam theory’’, ignoring rotatory inertia and shear-

deformation effects. Theoretical studies show that when the

vibration frequency is in THz range and when the length-

to-diameter ratio is small, the Timoshenko beam model, which

also includes rotation and shear deformation, should be

used.[13,14] In the mean time, different models have been

developed in the last ten years based on continuum or

molecular mechanics for estimating the elastic properties of

nanotubes.[15-19] On the other hand, almost all of the previous

experimental works deduced the Young’s modulus of CNTs

based on single-point measurements, while in principle it is

much more reliable to measure the natural frequencies from

the same nanotube but at different lengths. To the best of our

knowledge, so far, there is not an experimental work validating

the Euler-Bernoulli beam model or continuum theories for

analyzing the vibration of CNTs, nor is there a single set of

experimental data analyzed using the Timoshenko beam

model.

Recently, we developed a method to cut CNTs to the desired

length using a ‘‘nanoknife’’.[20] In the present work, we

measure the natural frequencies (f) of the first flexural mode of

individual CNTs at different lengths (L) using the ‘‘nanoknife’’

technique and the electric-field-induced resonance method.

The measured f-L data allow us to verify whether or not the

Euler-Bernoulli beam model is adequate to analyze the

flexural vibrations of a CNT. We find that the experimental

f-L data deviate from the Euler-Bernoulli beam model

significantly for short CNTs and, in general, the Timoshenko

beam model is needed to fully describe the flexural vibration of
GmbH & Co. KGaA, Weinheim 1555
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a CNT. A significant shear-deformation effect due to the

extremely-anisotropic mechanical properties of CNTs is

observed. We also obtain simultaneously the axial Young’s

modulus and radial shear modulus of the CNTs through fitting

the f-L data with the Timoshenko beam model.
2. Results and Discussion

2.1. Theory Background

The Euler-Bernoulli beam model has been widely used to

deduce the Young’s modulus of CNTs from their natural

frequency, measured through electric-field-induced resonance

experiments.[2] According to the Euler-Bernoulli beam model,

the natural frequency of the ith flexural mode of a cylinder can

be expressed as:[12]

fi ¼
b 2
i

8pL2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D 2

o þ D 2
i

� �
E

r

s
(1)

In Equation 1, bi are constants with b1¼ 1.875, b2¼ 4.694,

b3¼ 7.855, etc.; L is the length and Do and Di are the outer and

inner diameters of the cylinder (in our case the CNT); E is the

axial Young’s modulus and r¼ 2.1 g cm�3[9] is the mass density

per unit volume. With known Do, Di and L, which can be

directly measured using transmission electron microscopy

(TEM) and/or scanning electron microscopy (SEM), the

Young’s modulus of a CNT can be calculated using Equation 1,

from fi measured in resonance experiments.

Although the Euler-Bernoulli beam model is widely used, it

assumes that the rotation of the element is insignificant

compared to the vertical translation, and the shear deforma-

tion is small compared with the bending deformation. There-

fore, the theory is valid if the length-to-diameter ratio is

relatively large (e.g., more than 10), and if the beam does not

become too ‘‘wrinkled’’ because of flexure.[12] A carbon

nanotube is an anisotropic material. The radial shear modulus

of SWCNT ropes[4] and multi-walled CNTs (MWCNTs)[21] has

been found to be of the order of 1GPa by bending the CNTs on

special poral substrates using AFM, while the axis Young’s

modulus of the CNTs is of the order of 1 TPa.[4,21] The

anisotropic mechanical properties of the CNT may make the

Euler-Bernoulli beam model inadequate. On the other hand,

the more-accurate Timoshenko beam model considers not only

the translatory motion of the elements but also rotation and

shear deformation.

According to the Timoshenko beam model:[22]

EI
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In Equation 2, E is the axial Young’s modulus; r¼ 2.1g cm�3[9]

is the mass density of the CNT per unit volume; y is the

transverse displacement; x is the axial coordinate; t is the time;
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G is the radial shear modulus; I is the cross-sectional area

moment of inertia; A is the cross-sectional area and k is the

shear coefficient. The third term from the left in Equation 2 is

the term of rotation. The last two terms are due to shear

deformation. These two terms become zero for infinite G.

Neglecting the terms of rotation and shear deformation,

Equation 2 reduces to the Euler-Bernoulli beam model. In our

experiments, the CNTs were clamped at W tips at one end and

free at the other end. Applying this boundary condition, the

following equation can be obtained: [23]

2þ ½b2ðr2 � s2Þ2 þ 2� coshðbaÞ cosðbbÞ

� bðr2 þ s2Þ

ð1� b2r2s2Þ
1
2

sinhðbaÞ sinðbbÞ ¼ 0
(3)
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2 and f is the natural frequency. The shear coefficient

k describes the ratio of the average shear strain on a section to

the shear strain at the centroid and relates to the cross-

sectional shape of the beams. For hollow circular CNTs,

k ¼ 6ð1 þ nÞ ð1 þm2Þ2=ðð7 þ 6nÞð1 þm2Þ2 þ ð20 þ 12nÞm2Þ,[24]

where m¼ Di /Do and n¼ 0.012 is the Poisson ratio, which is

assumed to be equal to the Poisson ratio of compressio-

n-annealed pyrolytic graphite, perpendicular to the basal

plane.[25]
2.2. Experimental and Fitting Results

Figure 1a depicts the setup of our experiments. Figure

1(b–d) are SEM images showing the first-mode resonance of

the same CNT but at different lengths. More than ten CNTs

were studied and ten complete sets of f-L data were obtained.

Two typical sets of f-L data are shown in Figure 2(a–b). The

error in the measurement of f is less than 0.5%, which is

estimated from the dependence of the resonance amplitude on

the frequency. The error in the measurement of L (indicated by

the error bars in Fig. 2) contains contributions from two

sources. The length, measured from the SEM images, has an

accuracy better than 20 nm in the magnification range we used,

which corresponds to an error of much less than 1% for most of

the values of L that we measured. The error caused by the

tilting of the CNTs from the horizontal plane is estimated to be

smaller than 3% if we consider the tilting angle is less than 158.
If the Euler-Bernoulli beam model is adequate for CNTs,

the f-L data obtained from the same CNT should be able to be

fitted by Equation 1. Compared with the one-point measure-

ments, fitting of the f-L data gives a much-more-reliable value

for the Young’s modulus. The data points shown in Figure

2(a–b) are two typical sets of experimental f-L data obtained

from two CNTs. The f-L data shown in Figure 2a can be fitted

well with the Euler-Bernoulli beam model and E¼ 520 GPa

was obtained. However, the f-L data shown in Figure 2b, which
& Co. KGaA, Weinheim Adv. Funct. Mater. 2008, 18, 1555–1562
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Figure 1. a) Diagram showing the setup of our experiments. b, c) and d)
are SEM images showing the first-mode flexural resonance of the same
CNT but with different lengths.

Figure 2. Two typical sets of experimental f-L data obtained from two
CNTs ((a) and (b) correspond to CNT 9 and 6 in Table 1). The broken line is
the least-square fitting with the Euler-Bernoulli beam model, while the
dotted lines are the least-square fitting with the Timoshenko beam model.
The full line in (b) is the plot for E¼ 126 GPa using the Euler-Bernoulli
beam model. The E and G obtained from the fittings are indicated in the
each figure.
are obtained from a shorter CNT, cannot be adequately fitted

with the Euler-Bernoulli beam model. Our results obtained

from more than ten CNTs show that the Euler-Bernoulli beam

model does not fit the experimental f-L data well when the

CNTs are shorter than several micrometers.

Solving Equation 3 numerically, we found that our

experimental f-L data can be fitted using the Timoshenko

beam model and E and G of the CNTs can be obtained

simultaneously through the fitting. The dotted lines in Figure 2

are the least-square fitting of the f-L data based on the

Timoshenko beam model. Although not fitted well using the

Euler-Bernoulli beam model, the f-L data shown in Figure 2b

can be fitted well using the Timoshenko beam model,

indicating that the effects of rotary inertia and shear

deformation are significant for short CNTs. The f-L data

measured from long CNTs, like those shown in Figure 2a, can

be fitted well with both the Timoshenko beam model and the

Euler-Bernoulli beam model. The fitting curves based on the

two models overlap in Figure 2a and the same value of E is

obtained, indicating the effect of rotary inertia and shear

deformation is insignificant in that length range. In the case

shown in Figure 2a, only E can be obtained from fitting data
Adv. Funct. Mater. 2008, 18, 1555–1562 � 2008 WILEY-VCH Verl
with the Timoshenko beam model due to the large error in

fitting for G. In the case shown in Figure 2b, not only a large

fitting error exists when we fit the f-L data with the

Euler-Bernoulli beam model, but also the value of E obtained

from the Euler-Bernoulli beam model is smaller than that

obtained from the Timoshenko beam model. Table 1 sum-

marizes our results obtained from ten CNTs with complete

sets of f-L data. The fitting was realized by changing f at a fixed

L. The standard deviation of f was set to be 0.03f to include the

measurement error of L, although the measurement error of f

is less than 0.5%. The Young’s modulus (E) obtained from the

Timoshenko beam model ranges from 126 GPa to 937 GPa,

with an average value of 470 GPa. Six out of eight of the CNTs

have a value for G of several hundred MPa, which is at least

three orders of magnitude smaller than the value of E. Samples

1 and 6 have an even lower value for G of less than 100 MPa.
ag GmbH & Co. KGaA, Weinheim www.afm-journal.de 1557
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Table 1. Summary of results obtained from ten CNTs with complete sets of f-L data. The errors for E and G were calculated from the square root of the
diagonal elements of the covariance matrix. The standard deviation of f was set to be 0.03 f. The diametersDo andDi were measured using TEM, except for
the samples marked with ‘‘�’’, whose Do was measured using SEM and Di was assumed because the samples were lost during transfer from SEM to TEM.

CNT

samples

Do [nm] Di [nm] Length range

measured [mm]

E from Euler

model [GPa]

E from Timoshenko

model [GPa]

G from Timoshenko

model [MPa]

1 30 7.9 2.30–6.48 304 603W 32 33W 3

2� 45 8 3.51–9.72 843 937W 36 401W 207

3 55.3 12 2.28–11.9 250 304W 8 241W 51

4 56.8 9.9 2.88–9.72 452 483W 15 785W 554

5 56.9 12.4 2.38–16.1 449 574W 15 364W 76

6� 60 10 1.80–5.42 71 126W 6 50W 5

7 60.1 9.1 4.13–12.8 368 434W 16 137W 42

8� 65 10 3.73–8.20 334 391W 22 204W 98

9 46.5 9.3 4.43–8.43 520 520W 14 –

10 60.9 9.2 2.56–18.4 344 350W 7 –

Figure 3. High-resolution TEM images taken from (a) a CNT with a good
wall structure and (b) a CNT with severe defects.

1558
2.3. Discussion

While in this work, values for E and G of CNTs are obtained

simultaneously without assuming any unknown parameters,

previously, the radial shear modulus of CNTs has only been

measured by bending CNTs on special poral substrates using

AFM.[4,21] Because only the outer diameter of the CNT can be

measured by AFM, the inner diameter had to be ignored or

assumed to obtain the radial shear modulus of SWCNT ropes[4]

and MWCNTs,[21] even though the results are sensitive to the

assumption of the inner diameter of CNTs. The Young’s

modulus was also assumed to be 600 GPa to determine the

shear modulus of SWCNT ropes.[4] Another shortcoming of

these AFM works is that the CNTs deposited on poral

substrates may not be well anchored to the substrate, although

a clamped model was assumed,[4,21] while the boundary

conditions of the CNTs in our experiments are firmly ensured

by clamping the CNTs at the top tip of W probes with deposited

amorphous carbon.

As shown in Table 1, the values of E and G are spread in a

relatively-large range. Such data scattering is not due to the

errors in our experiments, but originates from the different

structures (especially defect structures) of the CNTs. The

measurement error of the diameters in our experiments is less

than 5%. The 5% error in Do causes an error of less than 10%

in the value of E and an error of less than 2% in the value of G.

The 5% error in Di causes an error of less than 2% in both E

and G. Even considering the guessed inner diameters of CNT

2, 6, and 8, the errors in E and G introduced by the errors in Di

and Do will not be larger than 15%. The errors caused by the

measurements of f and L have been included in the fitting

error, as shown in Table 1. Therefore, the errors in the

experiments are not responsible for the large scattering of E

and G. A large scattering of E has been reported for SWCNTs,

mainly attributed to a different choice of the thickness.[26]

However, the thickness of the MWCNTs is the thickness of the

whole MWCNTs, and is obtained from t¼ ro� ri (where ro and

ri are the radii of the outmost and innermost shells), and thus

the Young’s modulus correlates little to the choice of the
www.afm-journal.de � 2008 WILEY-VCH Verlag GmbH
thickness of a single shell, especially for the thick MWCNTs we

studied. On the other hand, the structure of the CNTs does

vary for different individual CNT. Unlike in the case of

growing bulk crystals, it has been almost impossible so far to

grow CNTs with the same structure, for example having the

same diameter, the same chirality and the same defects.

Although the CNTs we measured were synthesized through

chemical vapor deposition (CVD) in one run and located in the

same area on the same substrate, the structures of the CNTs are

not all the same. The inner diameter of the present CNTs is

around 10 nm, but the outer diameter ranges from 30 nm to

65nm. As illustrated by TEM observations, some CNTs have

nearly-perfect shell structures (as shown in Fig. 3a), while

others may have severe defects (like that shown in Fig. 3b),

although most of our CNT samples are like that shown in

Figure 4a, and have a good shell structure with some defects on

the wall.

So far, more than ten groups have measured the Young’s

modulus of CNTs experimentally using different methods. The

results show that E of arc-discharge MWCNTs is larger than E

of CVD MWCNTs. The Young’s modulus of arc-discharge

MWCNTs was measured to be 670-1100 GPa while the

Young’s modulus of catalytic MWCNTs was 12–50 GPa.[27]
& Co. KGaA, Weinheim Adv. Funct. Mater. 2008, 18, 1555–1562
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Figure 4. TEM images taken (a) before and (b) after a CNT was bent. As
indicated by the arrows, several deep buckles appeared and developed
gradually on the inner arc of the bent CNTs when the curvature of the CNT
increased.
The Young’s modulus of CNTs is also sensitive to the wall

defects and is smaller for CNTs with more defects.[7] The

Young’s modulus obtained from CVD MWCNTs ranges from

3 GPa for CNTs with many defects to 300 GPa for CNT with

fewer defects.[6,7,21,27] A different degree of imperfection in

SWCNT ropes also makes their shear modulus spread in a wide

range from 0.7 GPa to 6.5 GPa.[4] These facts indicate that, not

only do the CNTs synthesized by different methods exhibit

quite different values of the Young’s modulus, but the CNTs

synthesized by the same method also show widely scattered

values of the Young’s modulus. In the present work, among the

ten CNTs from which we obtained the complete f-L data sets,

eight of the CNTs have a value for E in the range of 300 to

600 GPa, indicating the present CNTs have good wall

structures, which is consistent with our TEM observation.

The present, measured E value is also comparable with that of

arc-discharge MWCNTs with similar diameters,[1-3] indicating

good CVD MWCNTs can be as strong as arc-discharge

MWCNTs.

The shear modulus, G, of most of our CNT samples has a

value of several hundred MPa (except samples 1 and 6, which

have even smaller G). This G value is smaller than has been

previously reported for MWCNTs (1.4 GPa),[21] SWCNTs

ropes (from 6.5 GPa to 0.7 GPa),[4] and the shear modulus (c44)

of single-crystal graphite (4.5 GPa), but is of the same order as

the shear modulus of compression-annealed pyrolytic graphite

(0.18 GPa).[25] The shear modulus (G) of an MWCNT is

supposed to be dominated by the shear between shells[21] and is

sensitive to the interaction of shells. The low shear modulus of

compression-annealed pyrolytic graphite has been reported to

be due to the presence of very-mobile dislocations in the basal

plane.[25] Mobile dislocations may also be the cause of the low

shear modulus of our CNT samples. The very-low G of samples

1 and 6 may be due to severe defects on the wall. We

occasionally observed CNTs that had severe defects, with some

shells being seriously wrinkled, leaving free space between the

shells (as shown in Fig. 3b). Such defects may reduce the

interaction between shells so that the shells become more

sliding. Such defects may be responsible for the extremely-low
Adv. Funct. Mater. 2008, 18, 1555–1562 � 2008 WILEY-VCH Verl
G of samples 1 and 6. As the defect conditions vary for

different CNTs, which is reasonable for CVD-grown CNTs, it

is understandable that G is different for different CNTs.

Our results show no obvious relation between E (or G) and

the outer diameter of the CNT in the diameter range in which

we performed our measurements (from 30 nm to 65 nm). In the

literature, some reports show no obvious relation between the

outer diameter (d) of the CNT and E,[1,3,6,28] while other

people found E to decrease sharply with increasing d.[2] We

noticed that in ref.[2], E starts to increase when d is smaller than

20 nm, while for d larger than 20 nm, there is not much change

of E with d. Therefore, our result has no disagreement with the

literature. In fact, in the present case, as the inner diameter of

the CNTs is roughly the same, around 10 nm, the change of the

outer diameter also means a change of the wall thickness.

Similar things also happened in most of the previous works.

Further work is needed to separate the effect of thickness and

the outer diameter of the CNTs.

Periodic wave-like distortions of the inner arc of bent

MWCNTs have been observed by TEM and have been thought

to be the reason for the decrease of E from about 1 to 0.1 TPa

when the CNT diameter increased.[2] To observe the structural

change of the CNT during deformation, we also performed

bending experiments in TEM. Figure 4 shows the TEM images

of the same CNT taken before and after bending. Figure 4a

shows that our CNTs are straight, and have an internal hollow

space and a uniform diameter. The wall is highly crystalline,

but contains some defects, which is common for CVD-grown

CNTs. We did not observe any periodic wave-like distortions.

Instead, a gradual buckling[29] was seen at several discrete sites

on the inner arc of the bent CNT (indicated by the arrows in

Fig. 4b). Periodic wave-like distortions are supposed to be the

distinctive feature of thick MWCNTs without internal hollow

spaces like that shown in ref.[2], because the outer tubes are

constrained by the inner tubes and deep buckles do not have

space to develop.[16] However, the large, hollow space in our

CNT samples makes them tend to be deeply buckled at both

the outer and inner shells when the CNTs are bent. Due to the

thick walls of the CNTs, the critical buckling curvature of the

outer shells deviates much from that of the inner shells, so

different shells buckle at different curvatures and the buckling

of the whole CNT happened gradually.[29] Without periodic

wavelike distortions, our CNT samples can retain a large

Young’s modulus (about 0.5 TPa) with a large diameter

(around 50 nm). Therefore, hollowed MWCNTs are more

preferable for mechanical applications because they can retain

a larger bending modulus than solid ones.

For normal isotropic materials, G has the same order as E,

related by G ¼ E
2 1þvð Þ, where v is Poisson’s ratio. However, the

present results show thatG of a typical CNT is about 3–4 orders

of magnitude smaller than E, and there is no obvious

correlation between E and G, which is contrary to normal

isotropic materials. The main reason is that the CNTs have

extremely-anisotropic mechanical properties. The different

dependence of E and G on the defects may also be one of the

reasons. All types of defects are supposed to decrease the
ag GmbH & Co. KGaA, Weinheim www.afm-journal.de 1559
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Young’s modulus, while the shear modulus can be increased or

decreased by defects. For example, the misalignment of the

graphitic planes with the tube axis has been shown to be the

main reason for the reduction of the Young’s modulus of

catalytic CNTs, but increases the shear modulus because shear

deformations can be blocked by disorder in the graphitic-plane

stacking.[27] On the other hand, for the CNT shown in Figure

3b, the Young’s modulus will be decreased due to the

seriously-wrinkled shells and the shear modulus will also be

decreased due to the free space between the shells.
Figure 5. Calculated f-L curves from Equation 1 (full curves) and Equation
3 (dashed or dotted curves) for given E and G. a) shows f-L curves of the
first mode for different G when E¼ 500GPa. The inset in (a) shows the f-L
curves for G¼ 200GPa. The black, full curves in (a) are calculated from
Equation 1 for E¼ 500GPa. b) shows f-L curves of different modes when
E¼ 500GPa and G¼ 1GPa. The arrows indicate the length when f calcu-
lated from the two models deviates by 10%.
2.4. Calculations and Analysis

To further understand the effects of rotary inertia and shear

deformation on the flexural vibrations of CNTs, we performed

numerical analysis. With given values of E and G, f-L curves

were calculated using the Euler-Bernoulli beam model (using

Eq. 1) and the Timoshenko beam model (using Eq. 3). A

tubular beam was assumed to have an outer diameter of 60 nm

and an inner diameter of 10 nm in our calculations. In the

calculation, E¼ 500 GPa was used, considering the average,

measured E in the present work is 470 GPa. Figure 5a shows

the calculated results for the first flexural mode. It shows that

the deviation of the Euler-Bernoulli beam model from the

Timoshenko beam model is more significant for lower G. The

deviation happens at a length of less than 0.3mm if

G¼ 200GPa, while the deviation is significant at a length of

5mm if G¼ 0.05 GPa. When G is large, the deviation between

the two models is mainly due to the effect of rotary inertia, as G

only relates to the terms of shear deformation. When

G¼ 200GPa, the deviation between the two models is

negligible until the length is less than 0.3mm, indicating the

rotary inertia is not significant until the length-to-diameter

ratio is less than 5. Therefore, the deviation of the f-L data from

the Euler-Bernoulli beam model at long lengths in Figure 2b is

mainly caused by the significant effect of shear deformation

due to the very-low shear modulus. For normal isotropic

materials, G has the same order as E, the effect of shear

deformation is negligible and the Euler-Bernoulli beam model

is valid if the length-to-diameter ratio is more than 10.[12]

However, the present results show that G of a typical CNT is

about 3–4 orders of magnitude smaller than E. The

extremely-anisotropic mechanical properties of the CNT

makes the effect of shear deformation significant and the

Euler-Bernoulli beam model inadequate for the vibrations of

the CNT, even though the length-to-diameter ratio is much

larger than 10.

We also calculated f-L curves for different modes with

G¼ 1 GPa and E¼ 500 GPa. Figure 5b shows the results. The

effect of shear deformation is more significant for higher

modes. For the first mode, it becomes significant when the

length is about 2mm. For the second and third modes, the effect

of shear deformation becomes significant at lengths of about

5mm and 7mm, corresponding to a length-to-diameter ratio of

about 100. Therefore, the Euler-Bernoulli beam model can be
www.afm-journal.de � 2008 WILEY-VCH Verlag GmbH
used to describe the vibration of a CNT at low modes when the

length-to-diameter ratio of the CNT is larger than about 100.

The exact value of the length-to-diameter ratio, beyond which

the Euler beam theory can be used, is determined by the

Young’s modulus, the shear modulus of the CNTs and the

modes of the vibration.

For CNTs with specific E, G and length, the natural

frequencies calculated from the Euler-Bernoulli beam model

are higher than those calculated from the Timoshenko beam

model if the effect of shear deformation is significant (Fig. 5).

The significant effect of shear deformation results in the

natural frequencies of the CNT not increasing as quickly as

described by the Euler-Bernoulli beam model when the length

decreases. This effect should be considered when ultrahigh-

frequency CNT resonators are designed.[30] On the other hand,

for a given natural frequency, E calculated using the

Euler-Bernoulli beam model will be lower than that calculated
& Co. KGaA, Weinheim Adv. Funct. Mater. 2008, 18, 1555–1562
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using the Timoshenko beam model, which means E is

underestimated using the Euler-Bernoulli beam model.

The present success in fitting experimental f-L data with the

Timoshenko beam model indicates continuum beam theory is

still applicable for MWCNTs and can provide valuable

information on their mechanical properties. For SWCNTs

and CNTs with few walls, experimental results are needed to

validate whether or not more-advanced theories based on

continuum or molecular mechanics[15-19] are needed.
3. Conclusions

In conclusion, we describe a method for measuring the

natural frequencies ( f) as a function of the length (L) of

individual CNTs, combining the electric-field-induced reso-

nance method and the ‘‘nanoknife’’ technique. Through fitting

the experimental f-L data, we find that flexural vibrations of

MWCNTs deviate significantly from the widely-used Euler-

Bernoulli beam model when the length of the CNT is shorter

than several micrometers. Our results show that the

Timoshenko beam model is needed to fully describe the

flexural vibrations of the CNT. The axial Young’s modulus (E)

and radial shear modulus (G) of the CNTs are obtained

simultaneously through fitting the experimental f-L data using

the Timoshenko beam model. The shear modulus G is found to

be of the order of several hundred MPa, which is 3–4 orders of

magnitude smaller than E, indicating CNTs have extreme-

ly-anisotropic mechanical properties. Our results show that the

significant effect of shear deformation, caused by the

extremely-anisotropic mechanical properties of the CNTs is

the reason that the flexural vibration of the CNTs deviates

from the Euler-Bernoulli beam model. The present method

is also useful to simultaneously measure the axial Young’s

modulus and the radial shear modulus of other nanotubes and

nanowires. The extremely-anisotropic mechanical properties

may be a common feature for nanotubes with a layered

structure.
4. Experimental

Our experiments were performed inside a scanning electron
microscope (FEI XL 30F) using a nanoprobe system (Kleindiek).
MWCNTs synthesized using the CVD method were transferred into
the SEM through a Pt tip [20]. Under observation with SEM, a long and
straight CNT protruding from the Pt tip was selected, a W tip was
manipulated to contact the selected CNT by the van der Waals
interaction and align well. Amorphous carbon was then deposited on
the connecting area using electron-beam-induced deposition to clamp
the CNT firmly at the top end of the W tip. The CNT was then
separated from the Pt tip through an electrical current. The length of
the CNT was adjusted using the ‘‘nanoknife’’ technique [20] and was
measured from SEM observations. Extra care was taken to set the W
tip as horizontal as possible so that the CNTs were horizontal and the
length measured from the SEM images was accurate. The second W tip
was manipulated to be close to the free end of the CNT. Both a DC
voltage (VD) and an AC voltage (VAcos(vt)) were applied to the
second W tip through a signal generator (Aglient 33220A) to drive the
CNT. The amplitude of the DC voltage was set to be 0–2 V (usually 0 V
Adv. Funct. Mater. 2008, 18, 1555–1562 � 2008 WILEY-VCH Verl
to avoid tensioning CNTs by static electrical forces) and the amplitude
of the AC voltage was set to be about 2–4 V. When the frequency of the
alternating electrical force equals the natural frequencies of the CNT,
the CNT will be resonant, which can be judged by the deflected
contour. By examining whether the amplitude of the resonance
changes linearly with VD, the true natural frequencies of the CNTs are
found from the frequency of the AC voltage [2]. Repeating the process
of cutting the CNT to the desired length and then measuring the natural
frequency, the relationship between the CNT’s length (L) and natural
frequency ( f) for the individual CNTs was obtained. After finishing the
SEM measurements, the CNT was then transferred to a transmission
electron microscope (FEI Tecnai G20) by a nanoprobe system
(Nanofactory) and the inner and outer diameters of the CNT were
measured.
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